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Motivation and Aim of The Talk

The function π(x) = |{p ∈ P | p ≤ x}| is known as the prime
counting function. For example, π(10) = 4, π(100) = 25,
π(1000) = 168.

Euclid offered a proof of the infinitude of primes for the first
time in his work ”Elements” c. 300 BC. So, we have that

lim
x→∞

π(x) = ∞.

In 1896, Jacques Hadamard and Charles Jean de la Vallée
Poussin proved independently Prime Number Theorem

Prime Number Theorem (1896)

There is an asymptotic formula for the prime counting function
π(x):

π(x) ∼ x

logx
.
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Motivation and Aim of The Talk

Our main purpose is to generalise of the Prime Number Theorem
to number fields. This talk will consist of two main parts.

I. Algebraic Part

Number Fields
The ring of integers of a number field

II. Analytic Part

Dedekind zeta function and its analytic properties
Prime Ideal Theorem
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Algebraic Part

Definition

A complex number α is said to be algebraic if it is a root of a
non-zero polynomial f (x) ∈ Z[x ]. If α is not algebraic, then it is
called transcendental.

Examples

1 ±
√
2 are algebraic, as they are roots of X 2 − 2.

2 e and π are transcendental.
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Algebraic Part

Lemma

If α is algebraic, then there is a unique monic polynomial
f (X ) ∈ Q[X ] of smallest degree with α as a root.

Definition

Let α be an algebraic number. The minimal polynomial of α over
Q is the monic polynomial over Q of smallest degree with α as a
root.

The minimal polynomial m(X ) of the algebraic number α is
irreducible.

If α is a root of some polynomial f (X ) ∈ Q[X ], then
m(X )|f (X ).
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Algebraic Part

Definition

A field K is a number field if it is a finite degree extension of Q.
The degree of K is the dimension of K as a vector space over Q.

Examples

1 Q itself is a number field.

2 Q(
√
2) = {a+ b

√
2|a, b ∈ Q} is a number field of degree 2.

3 Q(
√
2,
√
3) = {a+ b

√
2 + c

√
3 + d

√
6|a, b, c , d ∈ Q} is a

number field of degree 4.
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Algebraic Part

We want to do number theory in number fields, enlarged
versions of the rational numbers. That is, we are going to
study prime numbers, divisibility, and so on, in these larger
fields.

When we ”do number theory”, we usually refer to properties
of the integers Z, rather than Q. So, in order to work in a
number field K , we need to define a subset ZK of ”integers in
K”.

It would be nice if this subset satisfies the same algebraic
properties of Z namely, ZK should be a ring, so that we can
add, subtract and multiply within ZK .

We would like the integers in Q to turn out to be Z!
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Algebraic Part

Definition

Let α be an algebraic number. We say that α is an algebraic
integer if the minimal polynomial of α over Q has coefficients in Z.

Examples

1 i is an algebraic integer, as its minimal polynomial is X 2 + 1.

2 ω = (−1 +
√
3)/2 is not an algebraic integer, as its minimal

polynomial is X 2+X − 1
2 , which involves a rational coefficient.
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Algebraic Part

When it comes to checking whether or not a given algebraic
number α is an algebraic integer, it is sometimes convenient to
check a weaker condition.

Lemma

Suppose that α satisfies a monic polynomial with coefficients in Z.
Then α is an algebraic integer.
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Algebraic Part

Proposition

Let α ∈ C. The following are equivalent:

1 α is an algebraic integer.

2 Z[α] is a finitely generated module over Z.

Corollary

The set of all algebraic integers forms a ring.
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Algebraic Part

Definition

Let K be a number field. Then the integers in K are

ZK = {α ∈ K |α is an algebraic integer}.

We say that ZK is the ring of integers of K .

The ring of integers of Q is Z, as one hopes.

Proposition

Every algebraic number has an integer multiple which is an
algebraic integer, i.e. QZK = K.
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Algebraic Part

Suppose that K is a number field and [K : Q] = n. Then, there
exists an element γ ∈ K such that K = Q(γ). Let f be the
minimal polynomial of γ of degree n over Q. We can factor f (X )
completely over C as

f (X ) =
n∏

i=1

(X − γi ),

where γ1, . . . , γn ∈ C are the roots of f . Of course, one of these is
γ itself.

Definition

If f (X ) ∈ Q[X ] is the minimal polynomial of γ ∈ K , then the roots
γ1, . . . , γn are the conjugates of γ.
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Algebraic Part

Given any element of K , we can write it as a polynomial expression
in γ with coefficients in Q, because K = Q(γ). For each
k = 1, . . . , n, the map

σk : Q(γ) −→ Q(γk) ⊂ C.

n−1∑
i=0

aiγ
i 7→

n−1∑
i=0

aiγ
i
k

is an embedding, i.e. injective field homomorphism.

Proposition

If K is a number field of degree n, then the maps σ1, . . . , σn are all
of the n distinct embeddings K −→ C.
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Algebraic Part

Example

Let K = Q(i). The conjugates of i are i and −i , so we have two
embeddings from K into C, given by

σ1(a+ bi) = a+ bi ,

σ2(a+ bi) = a− bi .

This gives us two ways to think of Q(i) as a subfield of C.
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Algebraic Part

Let K be a number field, with [K : Q] = n and α ∈ K . Then, the
multiplication by α gives a Q-linear map

µα :K −→ K

x 7→ αx .

This map is represented by an n × n matrix.

Definition

We define the trace of α, denoted by TrK/Q(α), to be the trace of
this matrix, and the norm of α, denoted by NK/Q(α), to be its
determinant.

If α ∈ K , then NK/Q(α) and TrK/Q(α) are both in Q.

NK/Q(α) =
∏n

k=1 σk(α) and TrK/Q(α) =
∑n

k=1 σk(α)

If α ∈ ZK , then NK/Q(α) and TrK/Q(α) are both in Z.
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Algebraic Part

Suppose that ω1, . . . , ωn be arbitrary elements in the number field
K of degree n. Consider the matrix:

M =


σ1(ω1) σ1(ω2) · · · σ1(ωn)
σ2(ω1) σ2(ω2) · · · σ2(ωn)

...
...

. . .
...

σn(ω1) σn(ω2) · · · σn(ωn)

 .

Definition

The discriminant of {ω1, . . . , ωn}, denoted by ∆{ω1, . . . , ωn}, is
defined as (det(M))2.



Prime Ideal Theorem on Number Fields

Algebraic Part

Lemma

If T = (Tij) is a matrix with Tij = TrK/Q(ωiωj), then
∆{ω1, . . . , ωn} = det(T ).

Corollary

If {ω1, . . . , ωn} ⊂ ZK , then ∆{ω1, . . . , ωn} ∈ Z.

Proposition

Suppose that the elements of two sets {ω1, . . . , ωn} and
{ω′

1, . . . , ω
′
n} are related by ω′

i = c1iω1 + · · ·+ cniωn for rational
numbers cij ∈ Q. If C = (cij), then

∆{ω′
1, . . . , ω

′
n} = (det(C ))2∆{ω1, . . . , ωn}.
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Algebraic Part

Proposition

The set {ω1, . . . , ωn} is a basis of K over Q if and only if
∆{ω1, . . . , ωn} ≠ 0.

Theorem

Let K be a number field. Then, the ring of integers ZK a free
abelian group of rank n = [K : Q].
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Algebraic Part

ZK is a Dedekind Domain

Proposition

ZK is integrally closed.

Proposition

Let K be a number field. Then, every non-zero prime ideal p in ZK

is maximal.

Proposition

If K is a number field, then ZK is Noetherian.
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Algebraic Part

Definition

An integral domain R is said to be a Dedekind domain if one of
the following equivalent statements is satisfied:

1 R is an integrally closed, Noetherian domain with Krull
dimension one (i.e., every nonzero prime ideal is maximal).

2 Every nonzero proper ideal factors into primes.

Theorem

Let K be a number field with the ring of integers ZK . Then, ZK is
a Dedekind domain.

This is what we want to prove throughout this talk.



Prime Ideal Theorem on Number Fields

Algebraic Part

Definition

The norm NK/Q(a) of a non-zero ideal a in ZK is the cardinality
|ZK/a|.

NK/Q(a) is finite for every non-zero ideal a of ZK .

NK/Q(ab) = NK/Q(a)NK/Q(b) for every non-zero ideal a and
b of ZK .
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Analytic Part

Dedekind zeta function

Definition

The Dedekind zeta function of a number field K is defined for s
with Re(s) > 1 by the Dirichlet series

ζK (s) =
∑
a

(
1

NK/Q(a)

)s

,

where the sum is over all non-zero ideals a of ZK .

Euler product exists:

ζK (s) =
∏
p

1

1− NK/Q(p)−s
,

where the product is over all prime ideals p of ZK .
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Analytic Part

Proposition

For any s = σ + it ∈ C with σ > 1, ζK (s) converges absolutely.

Proof:

|ζK (s)| =

∣∣∣∣∣∏
p

1

1− NK/Q(p)−s

∣∣∣∣∣ ≤ ∏
p

(1− 1

pσ
)−n = ζ(σ)n,

since there are at most n = [K : Q] many primes p lying above
each rational prime p and NK/Q(p) ≥ p.
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Analytic Part

It is natural to ask for generalisations of Riemann’s result for ζ(s)
to ζK (s).

Dirichlet showed that ζK (s) has a singularity at s = 1 and
computed the limit

lim
s→1

(s − 1)ζK (s).

ζK (s) has a simple pole at s = 1, and Dirichlet’s formula gives
the residue.
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Analytic Part

Prime Ideal Theorem

Theorem (Landau, 1903)

Let πK (x) = |{p ⊂ ZK |NK/Q(p) ≤ x}|. Then, there is an
asymptotic formula for πK (x):

πK (x) ∼ x/ log(x).

If K = Q, then πK (x) = π(x) and hence the ”Prime Ideal
Theorem” is the extended ”Prime Number Theorem”.
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Analytic Part

PIT for ZQ(i) = Z(i)

If p = 4k + 3 be a prime number with p ≤
√
x ,then

p = (p) ⊂ Z[i ] is a prime ideal.

NQ(i)/Q(p) = p2.

If p = 4k + 1 be a prime number with p ≤ x , then

p = a2 + b2 for some integer a, b,

p = (a+ bi)(a− bi) ∈ Z[i ],
p1 = (a+ bi) and p2 = (a− bi) are prime ideals,

NQ(i)/Q(p1,2) = p.

Therefore,

πQ(i)(x) ∼
π(
√
x)

2
+

2π(x)

2
∼ x

log(x)
.
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Analytic Part

Further Topics

Extended Riemann Hypothesis

The nontrivial zeros of the Dedekind zeta function of any number
field K lie on the critical line: Re(s) = 1/2.

If K = Q, then the ”Extended Riemann Hypothesis” is,
indeed the ”Riemann Hypothesis”.
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