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Calculus

Remember from calculus that if f is a (Riemann) integrable function
on [a, b] and f is continuous at x € (&, b), then

) 1 x+h
lim h/x f(y)dy = f(x)
—_—

Average of f
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Fundamental Theorem of Calculus

In other words, if
X
Fo) = [ )y,
a

then F is differentiable with

at each x where f is continuous.
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General Case

Let f € L'(RY) and f be continuous at X € R?. Then

lim
r—0 [Br(X)| JB,(x)

f(y)dy = f(x),

where B (x) is the ball of radius r, centered at X, and |B,(x)| denotes
its measure.



As f is continuous at x € R9, Ve > 0, 3§ > 0 such that

ly —x|<d = |[f(y) —f(x)| <e.

Ifr<$§

1
B,(x) /B,(x) fy)dy —fx

!& )| &uﬂ“n_ju”mw

1
1B ()| ()

A

[f(y) - f(x)|dy

IN

edy =¢ [
1B (X)| J5,(x)
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Examining the proof

Observe that

* We only require f to be locally integrable:

/ |f| < oo for any ball B C RY.
B

| But,f € L1(R?) (or L]

1 o(R?)) may be discontinuous
everywhere.

* Therefore, we require f to be continuous for this proof.
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Question.

Iff € £} (RY) does

loc

1
lim ——— f(y)d
M 1B )] Sy Y

exist for any x € RY ?



The Hardy-Littlewood Maximal Function

[ Jelelelele]

Definition. For f € £} (R?), we define the Hardy- Littlewood (H-L)
maximal function Mf by

MI(X) = sup fy)ldy,  xeR7

r>0 ’Br( )| Br(x)

o If the set
1

B0 JB,0)

of the averages is not bounded,

If(y)ldy : r>0}

MF(x) = 00
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Basic Properties of Mf

o Mf>0

o Ifl <lgl = Mf < Mg

o M(f+g) < Mf+ Mg (sub-linearity)
@ Mc = cif c > 0is a constant.
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e If f is bounded, |f(x)| < A, then

1
MIf(x :sup/ f(y)|d
)= 2R B0 gy Y

1
<
~ B (x)]
=A

|Br(x)|A
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o Mf could be oo for f € L} (RY):

f(x) =x2 € L} (R) = MfF(x —sup/ y2d
r>0 2

1 2
=supX+ - =
r>0 3
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Mf ¢ L1(R)

o Mf ¢ L'(R) for some f € L1(R):
f(x) = X011 (x) € L'(R) =
1
MIE(X) = sup m—— B0 oo X[0,1](¥)dy

r>0

1 2x
> ?_’x/o X[o,11(¥)dy

—1/11d—1 x> 1
2 Jo Y=o =

1
> [ —dx =
/R|Mf(x)|dx_/Rszx 00

Hence,
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Theorem (Hardy-Littlewood Maximal Function, (1930s))

There exists a constant A > 0 such that for any f € £1(RY) and
a >0,

Hx eRY : Mf(x) > Oz}‘ < ngHU

o We've seen that Mf could be oo for f € £} (RY).

loc
o However, by the theorem, Mf is finite a.e. for f € £L'(RY).
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Lemma (Vitalli Covering Lemma)

Let By, Bo, . .., By be a finite collection of balls in RY. Then, there
exists a disjoint subcollection B, Bj,, . . ., Bj, such that
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Proof of the H-L maximal function theorem

Proof.

o LetK C {x € R : Mf(x) > a} be a compact subset.
First, we will show that

3d
K| < —I|Ifl| 1.
K< =1l
Observe that

X €K = sup
r>0 |Br(X)‘ Br(x)

If(y)ldy > a.

This means that there exists a ball 5(x), centered at X, such that

1
1B Jix

)!f(y)\dy > a.
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Thus, {B(x) : x € K} forms an open cover for K. As K is compact,
there exists a finite subcover

{81,82,...,BN}C{B(X):XEK}

such that
N

KclJs
j=1
By the Vitalli Covering Lemma, there exists a disjoint subcollection
{B;,,B B, } such that

oy
N

Us

J=1

K| <

k
< 3d Z ‘Bie|'
=1
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For each B;,, we have

1 1
\B\/ fy)ldy >a = |B;,| < / If(y)|dy.
Iy Bié a /B

i

Hence,

k k
1
KI<3* S5 <Y1 [ 1y
1 =1 g

/=
3d
=— f(y)ldy
BQ
3d
< — [ [f(y)ldy
o JRd

3d
= = [If]| 1
|l
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e We know from the fact that for a measurable set £ and for any
€ > 0, there exists a compact subset £ C E such that

IE\F| <e.

As a result, we conclude that

erRd : Mf(x)>a}( gngHﬁ. O
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Question.

Iff € £} (RY) does

loc

1
lim ——— f(y)d
M 1B )] Sy Y

exist for any x € RY ?
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Theorem (Lebesgue Differentiation Theorem)

Iff € £} (RY), then

loc

1

lim —— f(y)dy = f(x
P B iy Y = T

fora.e. x ¢ R9.
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Proof. Let

1
F=<x€eR :lim / f # f(x) or the limit does not exist.
{ P00 Sy 7 }

Aim: —F—=0.

We will write 1

B s

TA(x) (y)dy.

Note that

Z,f(x) = f(x) <= limsup|Z,f(x) —f(x)| = 0.
r—0
Hence,

F = {X e R? - limsup |Z,f(x) — f(x)| > 0}.

r—0



Let
Fo = {X e RY - limsup |Z,f(x) — f(x)| > Oé} ,

r—0

where o > 0. Notice that since

F=UZFm

n>1

Aim: |F,| =0Va > 0.
Fix a > 0 and let ¢ > 0 be given. Choose g € Cc(R?) such that

I =9glle <e.

As g € Cc(R?), we know that

lim T,g(x) = g(x).

An Application
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limsup |Z,f(x) — f(x)|

r—0
= limsup | Z,f(x) — Z:g(x) + T,g(x) ~ 9x) +g(x) ~ £(x)
= limsup |Ze(f = g)(x) + Zrg(x) — g(x) + g(x) — £(x)]

< |ir:1jélp [\L(f —9)(X)| +|Zrg(x) — g(x)| + |g(x) - f(X)|]
= lim sup |Ze(f — 9)(x)| + |g(x) — f(x)]

< M(f - g)(x) + |g(x) — ()]
Thus,

|Fo| < +

{x : M(f—g)(x) > ;a}

{x 1900 — ()] > 2a

A 1
< Z q1f = —If=gl| .
_04/2Hf gH£1+a/2Hf gH,C1

2"}
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Therefore,

[[f — gl
2(A + 1
_2A+T)

«

Fu < 2A+)
ol = o

As e > 0 is arbitrary, |F,| = 0. O
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“Nowadays, there are only three
really great English mathematicians:
Hardy, Littlewood
and Hardy-Littlewood”

Reported by Harold Bohr, 1947




Thank You



	Motivation
	The Hardy-Littlewood Maximal Function
	The Proof
	An Application

