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Introduction and Motivation

A prime number (or a prime) is a natural number greater than 1 that
cannot be written as a product of two smaller natural numbers.
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Introduction and Motivation

Prime numbers have been studied since ancient Greek. They proved
two remarkable results:

Figure: One of the oldest surviving fragments of Euclid’s Elements.
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Introduction and Motivation

Fundamental Theorem of Arithmetic

Every natural number n > 1 is either a prime number or represented
as a product of prime numbers

k
n=1]p" =p"ps2. . P~
i=1
where o; € Nforalli =1,2,... k.

Furthermore, this representation is unique up to the ordering.
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on and Motivation

Euclid’s Theorem (300 B.C.)

There are infinitely many prime numbers.
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Introduction and Motivation

A classic reductio ad absurdum

Euclid’s Proof: Suppose for contradiction that there are only finitely
many prime numbers p1, P2, . . . ,Pn. Multiplying all the prime
numbers and adding 1, let us get a new number

P=pipz2---pn+1

Then, P is a natural number that is greater than 1, however it is not
divisible by any prime number. It contradicts the fundamental
theorem of arithmetic. Therefore, there must be infinitely many prime
numbers.
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Introduction and Motivation

~ 2000 years after Euclid

Euler’s Theorem (1737)

F-—F

Let py < p2 < --- be the list of all prime numbers. Then, the series

Analysis Number Theory
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is divergent.
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Introduction and Motivation

Leonhard Euler

@ Euler’s result is much stronger than
Euclid’s.

@ Euler’s proof is based on the connection
between prime numbers and infinite series:

= 1-T(1 %)

where s > 1 and p; denotes the i prime.

@ Euler’s approach inspired Dirichlet and
formed the main idea of Dirichlet’s
Theorem on Arithmetic Progressions.
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Introduction and Motivation

Dirichlet’s Theorem on Arithmetic Progressions (1837)

For any two positive coprime integers a and b, the arithmetic
progression
a,a+b,a+2b,a+3b,---

contains infinitely many primes.

e For instance, there are infinitely many primes of the form 4k + 3 :

3,7,11,19,23,31,43,47,59,67,71,79,83,103, - - -
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Introduction and Motivation

@ In fact, Dirichlet showed using Euler’s idea that

is a divergent series.

@ For instance,

3 P AP S O T IRV P IO
p 3 7 11 19 23 31 43
p=3(mod 4)

is a divergent series.
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Introduction and Motivation

One of Our Motivations

@ Dirichlet’s Theorem on Arithmetic Progressions is considered as
the beginning of analytic number theory.

“The theorem was never about the theorem. It was always about
the proof. ”

-Micheal Bode-
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Introduction and Motivation

Today, many mathematicians from various branches of the discipline
still continue to provide new proofs of both Euclid’s and Euler’s
Theorem.

Some of the most notable proofs of Euclid’s Theorem:

e Furstenberg’s proof that uses the basic instruments of topology.

@ Alpoge’s and Granville’s proofs that use van der Waerden’s
Theorem.

o Elsholtz’s proofs that uses results from number theory, additive
combinatorics, and infinite Ramsey theory.

A subtle proof of Euler’s Theorem:
o Erdds’ combinatorial proof.

To find more proofs of Euclid’s Theorem, we strongly recommend the
surveys of Mestrovi¢ and Granville.
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A Quick Survey of Additive
Combinatorics and Some
Instruments from Additive
Combinatorics



nd the Infinitude of Prime Numbers

A Quick Survey of Additive Combinatorics and Some Instruments from Additive Combinatorics

A finite sequence
a < aps <---<ag

of kK > 1 numbers is called a k-term arithmetic progression if there
exists a constant d > 0 such that

ajt1 —aj =d,

foralli=1,...,k—1.



nd the Infinitude of Prime Numbers

A Quick Survey of Additive Combinatorics and Some Instruments from Additive Combinatorics

van der Waerden’s Theorem (1927)

If positive integers are colored with finitely many colors,
1727 747 s Uy 1y Oy 7107 ) )

then there exists a monochromatic k-term arithmetic progression for
any positive integer k > 1.

o This is a very first result in additive combinatorics.
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A Quick Survey of Additive Combinatc and Some Instruments from Additive Combinatorics

The upper density of a subset A of positive integers, which is
denoted by d(A) and defined as

- ANn{1,...,N
d(A)inmsup| (LITEES H
N—o0 N

@ In 1936, Erdds and Turdn’s conjectured that there exists a 3-term
arithmetic progression in every subset of positive integers with
positive upper density.

@ The ErdGs-Turdn conjecture was shown by Roth in 1953.

o After that, Szemerédi proved its extended version for k > 4 and
so the extended Erd&s-Turdn conjecture was referred as
Szemerédi’s Theorem.
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A Quick Survey of Additive Combinatorics and Some Instruments from Additive Combinatorics

One of the Generalizations of Szemerédi’s Theorem

Polynomial van der Waerden’s Theorem
(Bergelson & Leibman)

Let p1,p2, ...,Px € Z|x], where pj(0) = 0 foralli =1,2,... k, and
letr € Z*. For any r — coloring of Z, there exist a € Z and
d € Z \ {0} such that

a, a+p1(d)7 a+p2(d)7 ) a+pk(d)

are of the same color.

o Indeed, Bergelson & Leibman showed Polynomial van der
Waerden’s Theorem for an arbitrary integral domain instead of Z.

@ They also proved Polynomial Szemerédi’s Theorem.
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A Quick Survey of Additive Combinatorics and Some Instruments from Additive Combinatorics

Green - Tao Theorem (2004)

The sequence of prime numbers contains arbitrarily long arithmetic
progressions.

e 199,409,619,829,1039, 1249, 1459, 1669, 1879, 2089
is a 10-term arithmetic progression of primes with difference
210.

o Later, Tao and Ziegler demonstrated the polynomial version of
the Green-Tao Theorem.
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A Quick Survey of Additive Combinatorics and Some Instruments from Additive Combinatorics

p-adic Order

Leta € Z \ {0}. Given any prime number p, the p-adic order(or
p-adic valuation) of a is the largest power of p dividing a and it is
denoted by 1(a). By convention, ,(0) = oo.

For instance,

o 15,(10) =1 & 15(24) = 3 & 15(104+24) = 1 & 15(10.24) = 4.

In general, for any two integers a,b € Z,
o vp(ab) = vp(a) + p(b),
® yp(a+b) > min{ip(a), vp(b)}.
Provided that v,(a) # vp(b),
° vp(a+b) = {vp(a),vp(b)}
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Our Results

A New Proof of Euclid’s Theorem via Additive
Combinatorics

There are infinitely many prime numbers in the positive integers.
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Proof [Goral, Sertbas, 0. (2021), (accepted)]

Suppose that
P1 :27p2:37”'7pm

are all prime numbers in the positive integers. Define

C:7Z—> <{o,1}x{o,1})mu{4.}

({é pI:J[Z},V,-(n) (mod2)>, if n#0
C(n) = pi ,.

& , if n=0.

as

Then, C is a coloring of Z with finitely many colors.
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Our Results

Choose the following two polynomials in Z[x]
filx) =x and fr(x) =p1---pmX,

By the Polynomial van der Waerden Theorem, we find two integers a
and d # 0 such that

a, atfi(d)=a+d, a+h(d)=a+pi  pnd

have the same color.
Notice that a is non-zero.
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Our Results

Letp € {p1,p2,...,Pm} be a prime number with p|a. Since
a & a+d

have the same color, we have p|d.

e Case I: Suppose vp(d) < 1vp(a)
As a & a -+ d have the same color,

vp(a) = vp(a+d) (mod 2). (1)

Since vp(d) < vp(a), we obtain that

vp(a+d) = vp(d). ()

By (1) and (2), we see that
vp(a) = vp(d) (mod 2).
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Our Results

As vp(d) < vp(a), we have that

vp(d) < vp(a) — 2.

On the other hand, we know that
a+d & a+pi---pmd

have the same color.
This implies that

(@a+d)=w(a+pi---pmd) (mod 2).

By (2), we infer that

vp(d) =vp(a+p1---pmd) (mod 2). 3)
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Our Results

As vp(d) < vp(a) —2andp € {p1,...,Pm}, we deduce that

vol@+pr - -pmd) = vp(d) + 1. @

Therefore, we obtain from (3) and (4) that
vp(d) = 1p(d) +1  (mod 2), 5)

which is a contradiction.

e Case II: Suppose vp(a) < vp(d)
Then, we have that

vp(a) < vp(p1 - pmd). (6)

This gives that
vp(a) = vp(a+p1---pmd).
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Our Results

Moreover, we have that

pla & pla+pi---pmd.

Hence, we have either
a=a+pi---ppd or —a=a-+pi:-pmd

In the former case, d = 0(—+)
In the latter case,

_Za:p1...pmd — _a:pz...pmd'

This shows thatpla Vp € {pz,...,pPm}. Hence,

(@) =vp(—a) =vp(d)+1 Vpe{ps,....,pm}

This is a contradiction, since vp(a) < vp(d) for all p dividinga.. [
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A New Proof of Euler’s Theorem via Additive
Combinatorics

Euler’s Theorem
Letpy < p2 < --- be the list of all prime numbers. Then, the series

(e.9]

LI I I IO O B
“~p 2 3 5 7 11 7

is divergent.
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Proof [Goral, Sertbas, 0. (2021), (accepted)]

Suppose that the series

[e.e]

1_1+1+1+1+1+
Hp,-_z 3 5 7 11 7

is convergent. This means that
>m

for some positive integers m.
Let

S

S|=
l\)\

A={acZ" :pla= pc{pt,....om}} & aj<ax<---

be consecutive terms of A.
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Our Results

One can verify that

Ilm (an+1 _ an) = Q.

n—oo
One also check that
- An{l,....N
d(A)—Iimsup‘ {1, N} =0.
N—oo N

However, for each positive N,
N N N
- Pi —~p; 2
>m >m

This gives that d(A) > 1, a contradiction.
Therefore,
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Our Results

The Green-Tao Theorem in Domains

@ We will show the Green-Tao Theorem in polynomial rings over
integral domains with several variables.

Theorem (Goral, Sertbas, 0. (2021), (accepted))
Let D be an integral domain and n > 2 and

A = {p(x‘]a SO0 :Xn) € D[X17 o0 7Xn] : deg(p) < k}:

where k > 1. Then, there exist two polynomials f,g € D[x1, ..., Xn]
with g # 0 such that for all h € Ay, f + gh is an irreducible
polynomial that includes all the indeterminates X1, . . . , Xp.
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Proof

Let R := D|xq,...,Xp—1] and choose the polynomials f,g € R[x,] as
) = X% 131 Xy and g(xn) = 5.
Then the polynomials f + gh are of the form
(f+gh)(xa) = X2+ h-xXF + x4+ Xn 1,

where h = h(x1,...,Xp) € Ak.

Observe that
@ f + ghincludes all the indeterminates x4, - - - , Xp, for all h € Ag.
@ f + gh are of degree k + 3 in terms of X,

@ Hence, the leading coefficients of these polynomials are 1 w.r.t
the variable x, and all the other coefficients contain the variable
X1.
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Our Results

Note that

@ If h does not contain the variable x,, then the constant term of the
polynomial f 4 gh is

h-x2 X1 Xp_q.

@ Otherwise, itis Xy -+ - Xp—_1.

@ R=D|xy,...,Xp—1] and D[xz, ..., X,—_1] are integral domains.

@ (x1) C Ris a principal prime ideal of R.

Notice that for any h € Ay,

o All the coefficients of f + gh except the leading one are contained
in (x1).

@ The constant term of f + gh is not contained in (x1)? in either
case.
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Our Results

Thus, by Eisenstein’s Criterion, we conclude that f 4 gh is irreducible
in R[x,] = D[x1, ..., Xxn] for each h € Ay. O
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