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Primitive Pythagorean Triples

@ Algebraic number theory is essentially the study of number fields.

@ Such fields can be useful in solving problems which at first appear to
involve only rational numbers.

o Consider, for example, the following problem:

Problem

Find all primitive Pythagorean triples: i.e., integer solutions of

X2ty =22

having no common factor.
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Solution

@ Assume that we have such a triple (x, y, z).
@ z must be odd.
@ We factor the left side of the equation

(x + yi)(x — yi) = 2°.

@ It is a multiplicative problem in the number field Q(/) and in fact in
the ring of Gaussian integers Z[i].

e Zl[i] is a UFD.
@ Since x + iy and x — iy have no common prime factor,

x + yi = uo?

for some unit u € Z[i] and non-zero « € Z[i].

@ If « = m+ ni, then we obtain that
{x,y} = {:I:(m2 — n2), +2mn} and z= j;(m2 + n2).
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Fermat's Last Theo

Fermat's Last Theorem

rem

There are no solutions of the equation

in the set of non-zero int

n

Xn+yn:Z

egers whenever n > 2.

@ This was first conjectured by Pierre de Fermat in 1637 in the

margin of a copy of

o Fermat added that he had a proof that was too large to fit in the

margin.

Arithmetica.

o After 358 years of effort by mathematicians, the first successful proof
was released in 1994 by Andrew Wiles.
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@ Using our result on primitive Pythagorean triples, we can show that
Fermat was right for n = 4 and hence (automatically) also for any
multiple of 4.

@ Therefore, it is sufficient to consider only the case in which n is an
odd prime p, since if no solutions exist when n = p, then no solutions
exist when n is a multiple of p.

@ Thus, Fermat’s Conjecture is the following problem:

Fermat’'s Conjecture

If p is an odd prime, then
xP 4 yP = zP

has no solution in nonzero integers x, y, z.
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Two Cases

@ Suppose, for some odd prime p, there is a solution x, y,z € Z\ {0}.

e We may assume that x, y, z have no common factor (divide it out if
there is one).

@ We have two following cases:

Case 1
p divides none of x,y, z.

Case 2

p divides exactly one of them. (If p divided more than one, then it would
divide all three, which is impossible.)

In this talk, we will consider only case 1.
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@ Suppose that (x,y, z) is a solution of the equation
B4y =2

o If x,y and z are not multiples of 3, then each of these cubes is
equivalent to £1 (mod 9).

x3+y3 £ 23 (mod 9).
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p>3

@ Now, assume p > 3; x,y and z are not multiples of p; and
xP + yP = 2P,
@ Factoring the left side, we obtain
O+ ¥) 0+ yw)(x + yw?) - (x + ywP ™) = 2P,

where w is the pth root of unity e>™//P.

@ Now, we have a multiplicative problem in the number field Q[w], and
in fact in the subring Z[w].
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Kummer's Approach

@ Kummer attempted to prove Fermat’s conjecture by considering
whether the unique factorization property of Z and Z][i] generalizes to
the ring Z[w].

e Unfortunately, Z[w] is not a UFD for some prime p. For example, it is
not a UFD for p = 23.

@ However, it is a UFD for all primes less than 23. For these primes it is
not difficult to show that

xP 4 yP = zP

has no case 1 solutions.
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Proof.

@ Assume that
xP 4 yP = zP
where x,y and z are not a multiple of p.
@ Assume that Z[w] is a UFD.

@ Recall that we have the following multiplicative problem in Z[w]:
O + y)(x +yw)(x + yw?) - (x + ywP ™) = 2P, (*)

where w is the pth root of unity e>™//P.

@ Since all factors in the right side of equation (*) have no common
prime divisor,
X+ yw = uaP,

where a € Z[w] and a unit u € Z[w].

e x =y (mod p).
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(continued)

@ Similarly, writting

xP +(=2)P = (=y)°

we obtain x = —z (mod p).
@ Then,
2xP = xP + yP = zP = —xP (mod p).

o It implies that p|3xP.
@ Since pt x and p # 3, this is a contradiction.
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What about other primes?

e Unique factorization in Z[w] was needed only to obtain that
X+ yw = uaP.

Might it not be possible to deduce this in some other way?
Answer: "yes” for certain values of p, including for example p = 23.
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@ This results from Dedekind's amazing discovery of the generalization
of unique factorization.

@ Although the elements of Z[w] may not factor uniquely into
irreducible elements, the ideals in this ring always factor uniquely into
prime ideals.

Using this, for certain prime p, called " regular” primes
(x +yw) =17 = (a)? = (aP).

@ Thus, again we have
X+ yw = uaP.

@ As before, this implies
x =y (mod p)

and the contradiction follows.
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* Regular Primes

There is an equivalence relation ~ on the set of ideals of Z[w], defined as
follows: for ideals A and B

A~ B iff aA=pB forsome «, € Z[w].

@ There are only finitely many equivalence classes of ideals under ~.

@ The number of classes is called the class number of the ring Z[w],
and is denoted by the letter hp,.

Definition

A prime p is regular iff p { hp. J
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Proposition

If p is a regular prime, then the ideal | (in the equation (x + yw) = IP)
must be principal.

Proof.

@ First, note that the ideal classes can be multiplied in the obvious way:
the product of two ideal classes is obtained by selecting an ideal from
each; multiplying them; and taking the ideal class which contains the
product ideal. This is well-defined.

@ The ideal classes form a finite abelian group with this multiplication.

@ The identity element is the class Cy consisting of all principal ideal.
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(continued)

We claim that if p is regular, then clearly this group contains no
element of order p, and it follows that if /? is principal then so is /:

@ Let C be the ideal class containing /; then CP is the class containing
1P, which is Cy

@ (p is the identity in the ideal class group and C cannot have order p

o |t follows that C = Cy, which shows that / is principal. O

v
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Result
The equation
xP 4 yP = zP

has no case 1 solutions (i.e, solutions for which p { xyz) when p is a
regular prime.

@ Furthermore, It is also possible, although somewhat more difficult, to
show that no case 2 solutions exist for regular primes.

@ Thus, Fermat’s Last Theorem can be proved for all regular primes
p, hence for all integers n which have at least one regular prime factor.

e Unfortunately, irregular primes exist (e.g. 37, 59, 67). In fact, there
are infinitely many. On the other hand, it is not known whether there
are infinitely many regular primes.
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Conclusion

In any case, our attempt to prove Fermat’s Last Theorem leads us to
consider various questions about the ring Z[w].
Questions

@ What are the units in this ring?

@ What are the irreducible elements?

@ Do elements factor uniquely?

@ If not, what can we say about the factorization of ideals into prime
ideals?

@ How many ideal classes are there?

The investigation of such problems forms a large portion of algebraic
number theory.
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Thank Youl!!!

—
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