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1. For which numbers a, b, c, and d will the function

f(x) = ax + b

cx + d

satisfy f(f(x)) = x for all x?
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f(f(x)) =x(f"(x) =f(x)

f(x)=axf(x = b -

CX -C

ax+b =bd = (ax+b)(x
-a) = (x+d) (buy

=> acx2- a-x + bex -ab = (x -cdx+bd -dX

=> (ac +cd(X+ (d)at)x + (-ab-bd) = 0

c(a+d) = 0 Yb(a +d) = 0 = a!-d

d2-at = 0



2. i. Show that the straight line through (a, b) with slope m is the graph of the
function f(x) = m(x → a) + b; it is immediately clear from the point-slope
form that the slope is m, and that the value of f at a is b.

ii. For a ↑= c, show that the straight line through (a, b) and (c, d) is the graph of
the function

f(x) = d → b

c → a
(x → a) + b .
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!) The po!nt-slope form of a l!near equat!on pass!ng through
the po!nt (X1,X1) w!th slope m !s

y
-Yy = m(X

-Xy)

For theg!ven po!nt (a, b),

y
- b = m(x-a) =y = m(X

-a) +b
S!nce thegraph of f!xy !s def!ned by y =f (X), we have

f(x) = m(x-a) +b, f(a) =b.

!!) Slope !s m=b ,

By !) , f(x)=-b(x-a)



3. i. Let Rω be rotation by angle of ω. Show that Rω(v) · Rω(w) = v · w (· is the dot
(or scalar) product for vectors).

ii. Let e = (1, 0) be the vector of length 1 pointing along the first axis, and let
w = (cos ω, sin ω); this is a vector of length 1 that makes an angle of with the
first axis. Calculate that

e · w = cos ω .
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!) v. w = (v//w/cosh
,
where < !s the angle between u &r.

S!nce a rotat!on Rp !s a v!g!t transformat!on, !t does not
change the magn!tude of a vector. So,

(Ro(v)) = (2) & (Rp(w) 1= I w/

Also, a rotat!on rotates both vectors by the game angle o,
preserv!ng the angle a between them. So,

Ro(v) · Ro(w) = /Rp(v)1 . /Rp(w)/ .cost
= IvI. Iwl. COSX

= V. W

↑

!!) Us!ng !)
-
w= (CosP,s!nO)

e . w = /e1 . I w . cosO
10 > Y

= 1. 1. COSO e=(1,0)

= cosO
.



4. Prove that lim
x→a

f(x) exists if lim
x→a+

f(x) = lim
x→a→

f(x).
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Assume

Cmf(x) =mf(x]
Then
, for any

50

) 750 : a (X(a+- = (f(x) -C(>S

(!) 150 : a- 2 (x (a = (f(x)-24E

Let J=m!n[ , 823 · Comb!n!ng !) & !!)
a - v <X(a+ => (f(x) -C( > 3, !. e.

0 < (x-a( = (f(x)-GkE

So
,L!mf(x)



5. Suppose that f is a function satisfying |f(x)| ↓ |x| for all x. Show that f is
continuous at 0. (Notice that f(0) must equal 0.)
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suppose (f(x) /1) (x) for all X.
In part!cular, 1f(0))0 => f(0) =0 .

(f(x))x(X) = - (11) f(x) )(X), where

l!m-1x1 = h!m (x1= 0·
X-0 X-0

By the Sandw!ch theorem,L!m f(x) =

S!nce f(0) =0, we concludeh!mf(x)=f)

so
, f !s cont!nuous at X

= 0.


