MATH 145: Calculus for Engineering and Science I
Recitation 9
Solution Key

December 22th, 2025

1. Evaluate the following integrals (integration by parts):
(i) / 2% sinz dx
(ii) /se03 xdx

(i) / cos(log z) dx

Solutions:

i.

ii.

Evaluate / 22 sinz dx

Solution: We use integration by parts. Let u = 2% and dv = sinz dz. Then du = 2z dz and
U = — COS .

I= —x2cosaz—/(—cosa:)(2a:)da;— —x2608$+2/xcosxdar

We apply integration by parts again for [z coszdz. Let u = x and dv = cosz dx. Then
du = dr and v =sinz.

/xcosxdw-xsinx—/sinxdm—xsinx—i—cosx

Substituting this back into the original expression:

’I: —x%cosx + 2zsinz + 2cosx + C

Evaluate / sec® z dx

3

Solution: Split the integrand: sec® z = secz - sec? z. Let u = secx and dv = sec? z dz. Then

du = secztanx dr and v = tan .

I:secxtanx—/tanx(secxtanx)da::secxtana:—/(seczx—1)secazda:

1



iii.

I:secmtanx/Sec3:vdx+/secxdx

I =secxtanx — I + In|secx + tan z|

Solving for I:
21 = secxtanx + In|secz + tan z|

1 1
I= gsecxtan:p—k §In|secaz+tanx| +C

Evaluate /cos(log x) dx

Solution: Let t = logz = x = ! and dz = e'dt. The integral becomes J el costdt. Using
integration by parts twice for I = [ e’ cost dt:

(a) u=cost,dv=ec'dt = I =c¢c'cost+ [e'sintdt.
(b) For [e'sintdt: w=sint,dv =e'dt = [e'sintdt =e'sint— I.

Combining these: I = e’ cost+elsint—1 = 21 = e'(cost+sint). Substituting e’ = = and
t =logz:

I= g(cos(log x) + sin(logx)) + C




2. Evaluate the following integrals (substitution):
0 [ —H—
Va2 —1
(ii) /xS\/ 1—22dx
(i) /\/x2 + ldz

Solutions:
dx
i. Evaluate | ———
/ xvr? —1
Solution: Let x = secf, so dx = secftan db.
sec @ tan 6 df secftan 6
/ secfv/sec2f — 1 sec O tan 0

Since z = sec) = O =sec ' uz:

’Izsec_lx—l—C"

ii. Evaluate /3:3@dm

2

Solution: Let u=1— 22 — du= —2xdr and 22 =1 — u.

/:ﬂﬂ(gg dz) = /(1 _uWa (—;du> _ —% /(u1/2 — ) dy

L2 35 2 5 Logim 1 5
— (2 Z C=—- - C
5 (3u 5u + 3u + 5u +

- %(1 N %(1 TG

iii. Evaluate / \/3:274—1 dx

Solution: Let x = tanf = dx = sec? 0 do.

/ Vtan26 4 1 sec® 6 df = /sec39d9
From Problem 1(ii), we know the integral of sec?6:

1 1

isecetanﬂ + 51n|sec€ + tanf| + C

Substituting tané = z and sec§ = v/22 + 1:

1 1
Izix x2+1+§ln‘x+\/x2+1‘+0




3. Evaluate the following integrals (mixture of methods):

x
i —d
(0 /1+Sin1: v

(ii) /log V14 a?dx

1
(iii) /x6+1d:n

Solutions:
x

i. Evaluate /
1+sinz

Solution: Multiply by the conjugate (1 —sinx)/(1 — sinx):
r(l —sinz
/<2)d1‘ = /:ESGCQJJdl‘ - /:L"secmtan:zrdm
cos x
Using integration by parts on both terms (differentiating z):
/wseczxd:n = ztanx — In |sec z|

/xsecxtanxdm = zsecx — In|secx + tan z|

Subtracting the second from the first:

’I = z(tanz —secz) + In |1 + sin z| —i—C‘

ii. Evaluate /log V1+22de

Solution: Rewrite as 1 [log(1 4+ z%)dz. Use integration by parts with u = log(1 + 22),
dv = dzx.

1 272 1 1
== |zlog(l+2?) — = Swlog(l+a?) — [ (1~
2[:15 og(1+ z*) /1+x2d:):] 5% og(1+ z7) /< 1+x2> dx

I =zlog\/1+ 22 —x+ arctanz + C

1
iii. Evaluate / —dx
0 +1

Solution: Factor the denominator: 2% +1 = (22 + 1)(z* — 22 + 1) = (22 + 1)(2® — V32 +
1)(2? + v/3x + 1). Using partial fractions:
1A N Bz +C n Dx+ E
20 4+1 2241 22 Br+1 2243241

Solving for coefficients yields the integral:

arctanz  arctan(2z 4+ v/3) + arctan(2z — v/3) /3 22 +V3r+1
+ + (T ) 4o
3 6 12 22 —3r+1




